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1
$B=\{0,1\},$ $B_{n}=\{f|f :B^{n}arrow B\}$ . Markov [5] , $F\subseteq B_{n}$ , $b(n)=$
$\lceil\log(n+1)\rceil$ NOT . Fischer [3] ,
NOT $b(n)$ ( ) ,
$F\subseteq B_{n}$ , , 2 $o(n^{2}(\log n)^{2})$
.
, $n$ . , ,
Fischer . , NOT ,
.
2
, $n$ . , Jaikumar Radhakrishnan
King ( UCLA) .1
1 $n$ $\lceil 1_{\circ}g(n+1)\rceil$ NOT .






$T_{0}$ $=$ $(0,0,0, \ldots,0)$





$T_{2}$ $=$ $(1,1,0, \ldots,0)$
$T_{n}$ $=$ $\lrcorner(1,1,1, \ldots, 1)$




$i\neq j$ $Y_{i}\neq Y_{j}$ .
. . $i,j(i<j)$ $Y_{i}=$ . NOT $x$







$\overline{x_{n}}$ . $C$ $D$ ( 2).
1. $x_{1},$ $\ldots,$ $x_{i}$ 1 .
2. $x_{j+1},$ $\ldots,$ $x_{n}$ $0$ .
3. $x_{i+1},$ $\ldots,$ $x_{j}$ $x$ .
, $D$ , $D$ $x$ ( 2 ). $D$ ,
$x=0$ , $x=1$ $T_{j}$ . ’ $T_{i}$ $T_{j}$ $Y_{i}=Y_{j}$ ,
$D$ NOT , $x$ . $\square$
1 . $Y_{i}(0\leq i\leq n)$ $(n+1)$ ,






$\{\wedge, \vee, \neg\}$ , $\{\wedge, \vee\}$ . , $n$
$\{x_{1}, x_{2}, \ldots, x_{n}\}$ $X_{n}$ , $\#o$ (X $X_{n}$ $0$ , #1 $(X_{n})$ $X_{n}^{-}$ 1
.
$n$ $k-$ kn $(X_{n})$ .
$T_{k}^{n}(X_{n})=\{\begin{array}{l}0if\# 1(X_{n})<k1if\# 1(X_{n})\geq k\end{array}$
$b(n)=\lceil\log(n+1)\rceil$ , $C^{b(n)}(f)$ $b(n)$ , $f$
. $V_{n}=\{\neg x_{1}, \urcorner x_{2}, \urcorner x_{n}\}$ . $C^{b(n)}(V_{n})=O(n^{2}(\log n)^{2})$
[3], , [3] [8] , .
2 $C^{b(n)}(V_{n})=O(n^{2})$
. $i(0\leq i\leq n)$ , $T_{k^{n},i}(X_{n})$ .
$T_{k,i}^{n}(X_{n})=\{\begin{array}{l}0if\# 1(X_{n}-\{x_{i}\})<k1if\# 1(X_{n}-\{x_{i}\})\geq k\end{array}$
$T_{k^{n},0}=T_{k^{n}}$ . , .
$x_{i}=1$ $\Leftrightarrow$ $x_{i}=0$
$\Leftrightarrow$ $\forall k[T_{k}^{n}(X_{n})=T_{k,i}^{n}(X_{n})]$




, $\neg x_{i}$ $\neg T;(X_{n})(1\leq k\leq n),$ $T_{k^{n},i}(X_{n})(1\leq k\leq n)$ , $(n-1)$ $\wedge,$ $7l$ V
. , $U_{n}=\{\neg T_{k^{n}}(X_{n})|1\leq k\leq n\}$ , $I_{n}=\{T_{k^{n},i}(X_{n})|1\leq k\leq n, 0\leq i\leq n\}$
. $I_{n}$ [8] , .
$C^{m}(I_{n})=\Theta(n^{2})$
$=\{y_{1}, \ldots, y_{n}\}$ , $y_{i}=T_{i^{n}}(X_{n})(1\leq i\leq n)$ . $y_{1},$ $\ldots,$ $y$7 , $x_{1},$ $\ldots,$ $x_{n}$
. $\{T_{i^{n}}(X_{n})|1\leq i\leq n\}\subseteq I_{n}$ , $I_{n}$
.
$U_{n}$ , $\gamma_{i^{n}}(Y_{n})=\neg T_{i^{n}}(Y_{n})$ $\Gamma_{n}=\{\gamma_{1}^{n}, \ldots, \gamma_{n}^{n}\}$ $M_{n}$
.
$M_{n}$ , [3] . $n=2^{f}-1,$ $m=2^{r-1}$ , $1\leq j\leq m-1$ ,
$\delta_{j}^{n}(y_{1}, \ldots, y_{n})=(\urcorner$
, $\Gamma_{n}$ $r$ .
$i=1$ : $\gamma_{1}^{1}(y_{1})=\neg y_{1}$
$i>1$ :
$\gamma_{i^{n}}(Y_{n})=\{\begin{array}{l}\gamma_{i}^{m-1}(\delta_{1}^{n}(Y_{n}),\ldots,\delta_{m-1}^{n}(Y_{n}))\wedge\urcorner y_{m}\urcorner y_{m}\gamma_{|-m}^{m-1}(\delta_{1}^{n}(Y_{n}),\ldots,\delta_{m-1}^{n}(Y_{n}))_{\urcorner}y_{m}\end{array}$ $ififif$ $i=m_{1\leq^{m_{i\leq n}}}m1\leq_{+^{i\leq-1}}$
$\Gamma_{n}$ $M_{n}$ 3 .
, $M_{n}$ $\{\urcorner T_{k^{n}}(X_{n})|1\leq k\leq n\}$ , $M_{n}$ NOT $\lceil\log(n+1)\rceil$





$C^{b(n)}(V_{n})$ , . $x_{1},$ $\ldots,$ $x_{n}$ , $y_{1},$ $\ldots,$ $y_{n}$ n-sorter
, .
$y_{i}=T_{i}^{n}(X_{n})$ for $1\leq i\leq n$
, $x_{1},$ $\ldots,$ $x_{n}$ , $y_{1},$ $\ldots,$ $y_{n}$ ( $k$ , n)-inverter ,
.





. . , n-sorter, 2 $AM_{n}$ ,
( $n$ , 2n)-inverter 3 .
$\cdot r$ , n-sorter $x_{1}^{S},$ $\ldots,$ $x_{n}^{S}$ , $y_{1}^{S},$ $\ldots,$ $y_{n}^{S}$ . n-sorter , .
$x_{i}^{S}=x_{i}$ $(1\leq i\leq n)$
, $M_{n}$ $x_{1}^{M},$ $\ldots,$ $x_{n}^{M}$ , $y_{1}^{M},$ $\ldots,$ $y_{n}^{M}$ . $M_{n}$ , .
$x_{i}^{M}=y_{i}^{S}$ $(1 \leq i\leq n)$
2 ,
$y_{\dot{*}}^{M}=\neg T_{i}^{n}(X_{n})$ $(1\leq i\leq n)$
.
( $n$ , 2n)-inverter $x_{1}^{I},$ $\ldots,$ $x_{2n}^{I}$ , $y_{1}^{I},$ $\ldots,$ $y_{2n}^{I}$ . ( $n$ , 2n)-inverter ,
.
$x_{i}^{I}=\{\begin{array}{l}x_{i}(1\leq i\leq n)y_{i}^{M}(n+1\leq i\leq 2n)\end{array}$




, $\# 0(X_{n})=n-\# 1(X_{n})$ , $\# 1(\Lambda f_{n}(X_{n}))=n-\#I(_{\wedge}Y_{n}^{arrow})$ . .
$\#_{1}(x_{1}^{I}, \ldots, x_{2n}^{I})$ $=$ $\# 1(x_{1}^{I}, \ldots, x_{n}^{I})+\# 1(x_{n+1}^{I}, \ldots, x_{2n}^{I})$
$=$ $\#_{1}(X_{n})+\# 1(y_{1}^{M}, \ldots, y_{n}^{M})$
$=$ $\# 1(X_{n})+\# 1(M_{n}(X_{n}))$
$=$ $\# 1(X_{n})+n-\# 1(X_{n})$
$=$ $n$
, $i(1\leq i\leq 2n)$ $y_{i}^{I}=\overline{x_{i}^{I}}$ , $y_{i}^{I}=\overline{x_{i}}(0\leq i\leq n)$ ( 4 ).
n-sorter $O(n\log n)$ [1], ( $k$ , n)-inverter $O(n(\log n)^{2})$
[7]. 2 , $C^{b(n)}(M_{n})=O(n)$ . .
3
, , . ,
$f(X_{n})$ , $f$ $k-$ $f_{k}(X_{n})$ .
$f_{k}(X_{n})=\{\begin{array}{l}0if\# 1(X_{n})<kf(X_{n})if\# 1(X_{n})=k1if\# 1(X_{n})>k\end{array}$
[5] . .
4(A. A. Markov) $F\subseteq B_{n}$ $\lceil\log(n+1)\rceil$ NOT .
4 . . , $F$ (single-
ton set) , $|F|=1$ .
$f$ $(n+1)$ , . . . , $f_{n}$ , $n$ $\neg T_{1}^{n},$ $\ldots,$ $\neg T_{n^{n}}$ ,
$f=[\neg T_{k+1}^{n}\wedge f_{k}]k\cdot=0n$
$f$ . $\neg T_{n^{n}+1}$ 1 .
, 2 . (1) $f$ , $f_{k}(0\leq k\leq n)$
, (2) $U_{n}=\{\urcorner T_{k^{n}}|1\leq k\leq n\}$ , NOT $\lceil\log(n+1)\rceil$
. (2) , 3 n-sorter $M_{n}$ .
44
, (1) . , $f$ $K(x_{1}, \ldots, x_{n})$ ,
$f_{k}=(f\wedge T_{k}^{n})\vee T_{k+1}^{n}$
$f_{k}$ $K’(x_{1}, \ldots, x_{n})$ .
, $K’(x_{1}, \ldots, x_{n})$ standard circuit $K”(x_{1}, \ldots, x_{n}, \overline{x_{1}}, \ldots , \overline{x_{n}})$ .
[2] , $K”(x_{1}, \ldots, x_{n},\overline{x_{1}}, \ldots, \overline{x_{n}})$ $(1 \leq i\leq n)$ pseudo-complement
$T_{k^{n}}(x_{1}, \ldots, x_{i-1}, x_{i+1}, \ldots, x_{n})$ . , , $f_{k}$
.
5 . $|F|\geq 2$ , $M_{n}$ , .
5: $f_{k}$ $f$
, Fischer .
1 $F\subseteq B_{n}$ , $C^{b(n)}(F)\leq 2C(F)+O(n(\log n)^{2})$
. $f$ standard circuit , 2
. standard circuit $V_{n}$ , $f$ ,
$b(n)$ NOT . 3 . $\square$
45
4 , $F$ (singleton set) .
2 $f\in B_{n}$ , $C^{b(n)}(f)\leq 2C(f)+O(n(\log n)^{2})$
4 .
3 $f\in B_{n}$ , $C^{b(n)}(f)\leq C^{m}(f_{0}, \ldots, f_{n})+O(n\log n)$
. 4 ( 5 ).
2 $C(f)=O(n(\log n)^{2})$ $f\in B_{n}$ , $C^{b(n)}(f)=O(n(\log n)^{2})$
. 3 , . , $S_{n}$ $n$
.
4 $f\in S_{n}$ , $C^{b(n)}(f)=O(n\log n)$
. $f\in S_{n}$ , , . . . , $f_{n}$ .
$f_{k}(X_{n})=\{\begin{array}{l}T_{k^{n}}(X_{n})T_{k^{n}+1}(X_{n})\end{array}$ $iff(X_{s^{n}})otherwie$
.
$=1$ when $\# 1(X_{n})=k$ ,
$T_{n^{n}+1}$ $0$ . $\{T_{1}^{n}, T_{2}^{n}, \ldots, T_{n}^{n}\}$ n-sorter ,
[1] $O(n\log n)$ . ,
$C^{m}(f_{0}, \ldots, f_{n})=O(n\log n)$
. $\square$
4
, , , , ,
NOT , .
, $n$ $f$ , NOT $t$ $K_{f}(t)=C^{t}(f)$ .
$K_{f}(0)=C^{m}(f)$ , $IK_{f}(n)\leq 2C(f)$ .
5 $n$ $f$ , $t(0\leq t\leq b(n)-1)$ .
$\frac{K_{f}(t)}{K_{f}(t+1)}\geq(\frac{C^{m}(f)}{C^{b(n)}(f)})^{\overline{b}\ulcorner_{n}^{1}\urcorner}$
46








[6] , $2^{cn^{1/6-o(1)}}$ ( $c$ )
. , $c_{1},$ $c_{2}$ , $C^{m}(f_{0})\geq 2^{c_{1}n^{1/6-o(1)}}$ , $C(f_{0})=O(n^{c_{2}})$ $n$
$f_{0}$ .
5 , $n$ $f$ , $t(0\leq t\leq b(n)-1)$ .
$\frac{A_{f}’(t)}{K_{f}(t+1)}=\exp(\Omega(n^{1/6-o(1)}))$
. $f=f_{0}$ . 2 ,
$C^{b(n)}(f)$ $\leq$ $2C’(f)+O(n(\log n)^{2})$
$\leq$ $O(n^{c_{1}})+O(n(\log n)^{2})$
$\leq$ $c_{2}n^{c_{1}+1}$
5 , $t(0\leq t\leq b(n)-1)$ .
$\frac{R_{f}’(t)}{K_{f}(t+1)}$ $\geq$
$( \frac{2^{c_{3}n^{1/6-o(1)}}}{c_{2}n^{c_{1}+1}})^{\overline{b}\cap n}1$
$=$ $\exp(\frac{c_{3}n^{1/6-o(1)}-(c_{1}+1)\log n-\log c_{2}}{\lceil\log(n+1)\rceil})$
$=$ $\exp(\Omega(n^{1/6-o(1)}))$ $\square$
$c(0<c<1)$ , cn-chque $\mathcal{N}\mathcal{P}$- [4].
6 $n$ , $N= \frac{n(n-1)}{2}$ . $k(k\geq 0)$ . $n\sqrt{1-2\sim^{1_{+}}1}-$
clique $f$ , $n$ .
$C^{b(N)-k}(f) \leq\frac{N+1}{2^{k}}C(f)+O(N^{2})$
47
. 4 , $f$ . , $N=2^{r}-1$
. , $r\geq 0$ . $b(N)-k=r-k$ NOT




, N-sorter $x_{1}^{S},$ $\ldots,$ $x_{N}^{S}$ , $y_{1}^{S},$ $\ldots$ , $y_{N}^{S}$ . N-sorter .
$x_{i}^{S}=x_{i}$ $(1\leq i\leq N)$
, $M_{c}$ $x_{1}^{M},$ $\ldots,$ $x_{c}^{M}$ , $y_{1}^{M},$ $\ldots,$ $y_{c}^{M}$ . $M_{c}$ .
$x_{i}^{M}=y_{N-c+i}^{S}$ $(1\leq i\leq c)$
2 ,
$y_{i}^{M}=\neg T_{N-c+i}^{N}(X_{N})$ $(1\leq i\leq c)$
.







. , $n$ ,
$(n\sqrt{1-\frac{1}{2^{k+1}}}2)>N-c$
. , $f$ $\# 1(X_{N})<N-c$ $X_{N}$ $f(X_{N})=0$ .
,
$f=[\neg T_{i+1}^{N}\wedge f_{i}]i=N-cN$
$f$ ( 6 ). $\neg T_{N+1}^{N}$ 1 .
$f_{N-c},$
$\ldots,$
$f_{N}$ , [8] ,
$C^{m}(f_{N-c}, \ldots, f_{N})$ $\leq$ $(c+1)C(f)+O(N^{2})$
$\leq$ $\frac{N+1}{2^{k}}C(f)+O(N^{2})$
. . $\ovalbox{\tt\small REJECT}$
48
6: $f$
Jaikumar Radhakrishnan ( ) .
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